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1. INTRODUCTION 
Let us recall that the exponent of a group A is the least integer e such that 
xe is the identity element of A for every x in A. If G is a finite group of order 
[G : 11, then all the integral Tate cohomology groups @(G, 2) are finite 
abelian groups annihilated by [G : 11. Schur proved in [6] that the square 
of the exponent of H3(G, 2) divides [G : 11. When G is a cyclic group, the 
exponent of A2n(G, 2) is exactly [G : 11. Hence the exponent of the even- 
dimensional integral cohomology group has no better bound other than the 
order of the group. Since @(G, 2) = 0, one might think, for a moment, that 
perhaps the square of the exponent of A2n+r(G, 2) would be a divisor of 
[G : l] for all II. 
Our principal result is that the square of the exponent of fi2%+l(G, 2) 
divides 2 * [G : 11, which generalizes the theorem of Schur to all odd- 
dimensional integral cohomology groups in case that G is a group of odd 
order. As for the even-dimensional integral cohomology groups, the Non- 
vanishing Theorem asserts that A2*(G, 2) has exponent at least p if G is a 
finite p-group. The First Balance Theorem relates the even- and the odd- 
dimensional integral cohomology groups by indicating that the product of 
the exponents of two consecutive integral cohomology groups divides [G : 11. 
The Second Balance Theorem shows that the product of the exponent of G 
and the exponent of Z?2n+1(G, 2) is a divisor of [G : 11. This theorem will 
not only guarantee that our generalization of Schur’s Theorem holds for a 
group whose Sylow 2-subgroup has large exponent, but also lead to an extre- 
mely easy proof [I] of a group theoretical theorem of Reynolds [.Yj. 
We shall follow closely the terminologies given in [2] and assume all 
groups throughout this paper to be finite. 
* This research was partially supported by National Science Foundation Grant 
NSF GP-4034. 
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2. ON A THEOREM OF SCHUR 
The Integral Duality Theorem plays an essential role in the following 
lemma which will provide the main step to establish Theorem 2.1. and the 
First Balance Theorem. 
LEMMA 2.1. If G is a p-group of order pm, and p” is the exponent of 
Z@(G, Z), then there exist an element a in @(G, 2) and an element b in 
Z?-“(G, 2) such that a - b = pm-” in @(G, 2) E Z/p”Z. 
Proof. Let a be an element of maximal order pe in &(G, 2). By the 
Integral Duality Theorem, 
@(G, 2) z Horn (@-“(G, Z), &) 
via Y~,-~, defined by h,-&)> (4 = c * d, where c belongs to @(G, 2) 
and d belongs to fi-n(G, Z). Let va be the homomorphism y,+.Ja) in 
Horn (A-*(G, Z), Z/p”Z). Being a subgroup of the cyclic group Z/pmZ, 
the group q,,(fl-n(G, Z)) is cyclic. Since 
pe * v,(d) = pe(a * d) = (pea) * d = 0, 
the cyclic group q~,(fi-n(G, Z)) has order at most pe. 
Suppose that p” * v,(fi-n(G, Z)) = 0 then p” * a * d = 0 for all d in 
fi-“(G, Z). Thus 
m,-n(pu4 = 0. 
Since Y,+~ is an isomorphism, we conclude that p”a = 0. Hence ?I > e, and 
the order of q~,(fi-%(G, Z)) is pe. 
We complete the proof by observing that Z/p”2 has only one subgroup of 
order pe which is generated by pmee, so there exists an element b in fi-n( G, Z) 
such that 
va(b) = a . b = pm-B in I?O(G, Z). 
THEOREM 2.1. If G is a$nite group of order [G : l] and e(G)is the exponent 
of l@+l(G, Z), then e(G)2 divides 2 * [G : 11. 
Proof. For each prime divisor p of [G : l] we choose a Sylow p-group 
G9 of G, and let e(G,) be the exponent of XP+l(G, , Z). Since fi2”+‘(G, Z) 
is a subgroup of ,&,Z?an+l(Gs , Z), e(G) is a divisor of 17,e(G,) where p runs 
over the distinct prime divisors of [G : 11. H ence it suffices to show the follow- 
ing two cases: 
(i) Ifp is an odd prime, then e(G,)2 divides [GP : 11. 
(ii) e(G2)2 divides 2 * [G, : 11. 
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Lemma 2.1. asserts that we can find an element a in Azn+i( G, , 2) of order 
e(G,) and an element b in &-(*“+l)(G, , 2) such that 
Thus 




Since the degree of a is 2n + 1, we have 
a . a = (- l)dw.deg~ ti . Q = - a . a. 
Thus 2 . a . a = 0. 
Case (i). Since p is odd, [Gg, : l] *a-a=Oand2.a*a=Oimplythat 
a * a = 0. Hence 
1% : 11 
4%) 
*u=u*a*b=O. 
So e(G,) is a divisor of [G, : l]/e(G,), thus e(G,)2 divides [G, : 11. 
Case (ii). From 
a.a.b=( ‘($$y.u 
we get 
2 ( [;;2;1 ) 
u=2-u.u-b=O. 
Therefore e(G,) divides 2 * [G, : l]/e(G,), and hence e(G2)2 is a divisor of 
2 * [G, : 11. This finishes the proof. 
REMARK. If [G : l] is an odd number, then it follows immediately from 
the proof of case (i) that the square of the exponent of fien+l(G, 2) divides 
[G : 11. A similar assertion for the even-dimensional integral cohomology 
groups can not possibly be true, because for a cyclic group G, the exponent 
of @n(G, 2) is precisely [G : 11. Using the Kiinneth formula, we can show 
that &sn+l(ZP @ 2, , 2) has exponent p. Hence 
{exp Z?2n+1(Z, @ 2, , Z)}2 = [Z, @ 2, : 11. 
Thus Theorem 2.1. gives the best possible bound of the exponent of 
Z%+V,G, 2) when G is a group of odd order. 
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3. NONVANISHING THEOREM 
Let us define the nth Betti number b, of a finite p-group to be 
dimzl, H,(G, 2,) and the rank of a finite Abelian group to be its minimal 
number of generators. Then we may state a theorem of Kostrikin and 
SafareviE in [3] as follows. 
THEOREM 3.1. If G is a jinite p-group, then 
b, - b,+, + a.* + (- 1)” b,mi + *** + (- I)^ b, 2 + (1 + (- 1)“). 
In contrast to what we have observed in Theorem 2.1. about the exponent 
of the odd-dimensional integral cohomology groups, we shall show that the 
exponent of fi2”(G, 2) is bounded from below by p if G is a finite p-group. 
LEMMA 3.1. If G is a$nitep-group of orderpm, then 
n-1 
rank gn(G, 2) = c (- l)‘-l bnmi. 
d-1 
Proof. From the exact sequence 0 -+ Z 2 Z + Z, + 0 we get that 
.-. -+ H,(G, Z) % H,(G, Z) + H,(G, Z,) -+ H,ml(G, Z) % H,wl(G, Z) + a-* 
is exact for n > 0. Hence 
Hn(G 4 
03p~H,(GZ) --+ H,(G, Z,,) + &a-,(G, Z) + 0 (1) 
is exact, where 
*H&G, Z) = (a E H&G, Z) I pa = 0). 
Since (1) is an exact sequence of vector spaces over Z, , we have 
dim H,(G, Z,) = dim tp fiTGz& ) + dim (pH,-I(G, Z)), n >O; 
n 3 
i.e., 
b,, = rank H,(G, Z) + rank Hnwl(G, Z), n> 1, 
b, = rank H,(G, Z). 
Taking the alternating sum, we get 
n-1 
gl (- l)i-l bnvi = rank H&G, Z). 
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The Integral Duality Theorem shows that 
I@(G, 2) z Horn (fi-“(G, Z), $&-) 
g Horn i fL(G, Z), j$) 
for 72 > 1. 
Since both @(G, Z) and H,-r(G, Z) are annihilated by pm, it follows that 
rank @(G, Z) = rank H,-,(G, Z) 
n-1 
= c (- l)i-lb,+. 
i=l 
THEOREM 3.2 (Nonvanishing Theorem). If G is a Jinite p-group, then 
for every n, Azn(G, Z) # 0. In particular, the even-dimensional integral 
cohomology groups of G have exponent at least p. 
Proof. According to Lemma 3.1, we have 
ZTL-1 
rank Z%(G, Z) = 2 (- l)i-1 &n-i 
i=l 
= f (- l)i-1 ban-< - (- l)sn-1 b, . 
i=l 
Since b, = 1, we derive from Theorem 3.1 that 
zg (- l)i-1 b2& = 2n-1 z. (- l)j b(2n-1)-j > l + ‘; 1J2*-l ) 
and hence 
rank A2n(G, Z) > 1 + '; 1j2"-l -(- 1)29&-l= 1, 
Consequently, Z?2n(G, Z) # 0. 
COROLLARY 3.1. Let G be a finite group. Assume that for every prime p 
dividing the order [G : l] of G, there is an integer i, such that 
I%(G, , Z) = fli*+l(G, , Z) = 0, 
where G, is a Sylow p-subgroup of G. Then G = (1). 
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Proof. G, is a p-group, hence Z%(G, , 2) = %+r(G, , 2) = 0 implies 
that G, = {I} by Th eorem 3.2. Thus G must be the trivial group. This is a 
special case of the theorem proved by Nakayama in [II]. 
4. FIRST BALANCE THEOREM 
In addition to the intriguing properties of the exponents of the odd- and 
even-dimensional integral cohomology groups we indicated in the last two 
sections, we shall see in the following theorem a lucid picture of the connection 
between the exponent of the odd- and even-dimensional integral cohomology 
groups. 
THEOREM 4.1 (First Balance Theorem). If G is a finite group of order 
[G : 11, then 
exp fim(G, 2) . exp flm+l(G, 2) 1 [G : 11. 
Proof. Let us select a Sylow p-subgroup G, for every prime divisor p of 
[G : 11. Since 
exp Am(G, 2) 1 II, exp @(GD , 2) 
for all m when p runs through all the distinct prime divisors of [G : I], it 
is sufficient to show that 
exp flm(GD , 2) * exp Z?“+r(G, , 2) ) [G, : 11. 
By Lemma 2.1, there exist an element c2 in Am( G, 2) of order the exponent 
of $@(G, , Z), and an element 6 in fi-“(G, , Z), such that 
U-b= [G, : 11 
exp X@(G, , Z) a 
Let c be an arbitrary element in fin”+l(G,, Z), then 
b.c~@(G,,Z)=0. 
Hence b * c = 0 and 
P% : 11 
exp ff”l(G, , Z) 
-c=a-b-c=O. 
Being an annihilator of the group fim+l(G, , Z), [G, : l]/exp @(G9 , Z) 
is necessarily a multiple of the exponent of flm+r(Gg , Z). Whence 
exp fim(GP, Z) * exp @+r(GP, Z) 1 [G, : I]. 
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DEFINITION. An integer p will be called a period of a finite group G if 
fig(G, 2) is cyclic of order [G : 11. 
COROLLARY 4.1. If q is period of jkite group G, then 
I?-l(G, 2) = fig+l(G, 2) = 0. 
Proof. Since 
exp fig--l(G, 2) * exp Z?g(G, Z) 1 [G : l] 
and exp &(G, Z) = [G : 11, we must have exp &l(G, Z) = 1, or equival- 
ently, QJ-i(G, Z) = 0. A similar argument yields &r+l(G, Z) = 0. 
5. SECOND BALANCE THEOREM 
If G is a finite cyclic group, then l? 2k+1(G, Z) = 0. Hence the product of 
the exponent of fi 2k+1(G, Z) and the exponent of G divides the order of G. 
The Second Balance Theorem generalizes this observation to an arbitrary 
finite group. 
THEOREM 5.1 (Second Balance Theorem). If f is the exponent of G and 
e is the exponent of fizr+l(G, Z), then e *f 1 [G : 11. 
Proof. For every prime divisor p of [G : l] let G, be a Sylow p-subgroup 
of G and let f, and e, be the exponent of G, and fiak+i(G, , Z), respectively. 
Since f = D, f, and e I&e, where p runs over the prime divisors of [G : 11, 
it is enough to show that e, . fa 1 [G, : 11. 
Let x be an element of maximal order f, of G, . The subgroup (x) gener- 
ated by x is a cyclic group of index [G, : 11/f, in G. It is well-known that the 
composition of the restriction homomorphism of fi”(G, , Z) to @((x), Z) 
and the transfer homomorphism of @((x), Z) to @(G, , Z) is the endo- 
morphism of @(G, , Z) given by multiplication by [G, : (x)] = [G, : 11/f,. 
Let a be an element in Ask+l(GD , Z). Since fi2k+1((~), Z) = 0, we conclude 
that resG+Crj a = 0. Hence 
[G, : @>I 0 = tr(E)+G * resG+) a 
= 0. 
Therefore e, is a divisor of [G, : (x)], and it follows that e, . f, 1 [G, : 11. 
COROLLARY 5.1, If [G : l] = pm und the exponent of G is pm--l, then the 
odd-dimensional integral cohomology groups of G are vector spaces over Z, . 
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COROLLARY 5.2. If [G : l] =p3, then p . @*+l(G, 2) = 0. 
Proof. If p is an odd prime, and e = exp flsk+l(G, Z), then Theorem 2.1 
shows that e2 1 ps, whence e = p or 1. 
If p is 2, then we investigate the following cases. 
(i) exp G = 8. G is then cyclic and fisk+r(G, Z) = 0. 
eTioe;pG=4. Th en e * 4 1 8 by the Second Balance Theorem hence 
(iii) exp G = 2. G is therefore Abelian and isomorphic to 
Z, @ Z, @ Z, . By the Kiinneth formula, we have 
2 * zPf’(Z, @ z, @ z, , Z) = 0. 
COROLLARY 5.3. If [G : l] = 2”’ . n, where n is an odd number and suppose 
that a Sylow 2-subgroup G, of G has exponent f2 > 2” where s is the largest 
integer in [0, 4 (m + l)], then 
{exp fiPk+l(G, Z)}2 1 [G : 11. 
Proof. Let es = exp l?2k+1(G2 , Z). Since e2 * f2 1 2”, we have e2 ] 2”~“. 
But m - s < fr m, hence e22 12”. We proved in Theorem 3.1. that for odd 
prime divisor-p of [G : 11, we have e,s 1 [G, : 11. Consequently, 
{exp fi2”+l(G, Z)}s 1 17,eD2 1[G : 11. 
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